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GERRIT HERRMANN
Abstract. Using the virtual fibering theorem of Agol we show that a sutured
3-manifold (M,R+, R−, γ) is taut if and only if the `2-Betti numbers of the
pair (M,R−) are zero. As an application we can characterize Thurston norm
minimizing surfaces in a 3-manifold N with empty or toroidal boundary by the
vanishing of certain `2-Betti numbers.
1. Introduction
A sutured manifold (M,R+, R−, γ) is a compact, oriented 3-manifold M to-
gether with a set of disjoint oriented annuli and tori γ on ∂M which decomposes
∂M \ γ˚ into two subsurfaces R− and R+. We refer to Section 2 for a precise defi-
nition. We say that a sutured manifold is balanced if χ(R+) = χ(R−). Balanced
sutured manifolds arise in many different contexts. For example 3-manifolds cut
along non-separating surfaces can give rise to balanced sutured manifolds.
Given a surface S with connected components S1 ∪ . . . ∪ Sk we define its
complexity to be χ−(S) =
∑k
i=1 max {−χ(Si), 0}. A sutured manifold is called
taut if R+ and R− have the minimal complexity among all surfaces representing
[R−] = [R+] ∈ H2(M,γ;Z).
Theorem 1.1 (Main theorem). Let (M,R+, R−, γ) be a connected irreducible
balanced sutured manifold. Assume that each component of γ and R± is incom-
pressible and pi1(M) is infinite, then the following are equivalent
(1) the manifold (M,R+, R−, γ) is taut,
(2) the `2-Betti numbers of (M,R−) are all zero i.e. H
(2)
∗ (M,R−) = 0,
(3) the map H
(2)
1 (R−)→ H(2)1 (M) is a weak isomorphism.
Remark 1.2. The same statement holds true if one replaces R− with R+.
By Gabai’s theory of sutured manifold decompositions we obtain the following
result about Thurston norm minimizing surfaces (see Section 2 for a definition)
in an irreducible 3-manifold N with empty or toroidal boundary.
Theorem 1.3. Let N be a connected orientable irreducible compact 3-manifold
with empty or toroidal boundary and Σ ↪→ N a properly embedded decomposition
surface, then the following are equivalent
(1) Σ is Thurston norm minimizing in the sense of Section 2,
(2) the `2-Betti numbers of the pair (N \ ν(Σ),Σ−) are zero, where ν(Σ) ∼=
Σ × (−1, 1) is the interior of a tubular neighborhood Σ × [−1, 1] and Σ−
is given by Σ× {−1}.
Remark 1.4. If one removes the assumption of Σ being a decomposition surface,
then (1) still implies (2).
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2 GERRIT HERRMANN
As an application of Theorem 1.3 we have the following theorem first proven
by Friedl and Lu¨ck with different methods [FL18].
Theorem 1.5. Let N be a connected compact oriented irreducible 3-manifold
with empty or toroidal boundary and let φ ∈ H1(N ;Z) be a primitive cohomology
class. We write Nkerφ → N for the cyclic covering corresponding to kerφ. We
have
b
(2)
1 (Nkerφ) = xN(φ).
Here xN denotes the Thurston norm on H
1(N ;Z) (see Section 2 for a defini-
tion).
Another application of Theorem 1.1 is that for a taut sutured manifold the
`2-torsion is well defined.
Corollary 1.6. Let (M,R+, R−, γ) be a taut sutured manifold, then the pair
(M,R−) is `2-det-acyclic and hence the `2-torsion ρ(2)(M,R−) is well defined.
We refer to [Lu¨02, Definition 3.91] for the definitions of `2-det-acyclic and
`2-torsion.
Proof of Corollary 1.6. This follows from Theorem 1.1, Lemma 2.16, and [Sch01,
Theorem 1.11]. 
If M is a complete hyperbolic 3-manifold of finite volume, then by a result of
Lu¨ck and Schick [LS99, Theorem 0.7] the `2-torsion of M is defined and one has
ρ(2)(M) =
−1
6pi
· VolH(M).
This result together with our corollary raises the following question.
Question 1.7. What topological and geometrical information of a taut sutured
manifold (M,R+, R−, γ) are contained in ρ(2)(M,R−)?
The author will pursue this question in a future paper with Ben-Aribi and
Friedl. Theorem 1.1 can be seen as an `2-analogue of the following theorem by
Friedl and T. Kim.
Theorem 1.8. [FK13, Theorem 1.1] Let (M,γ) be a connected irreducible bal-
anced sutured manifold with M 6= S1 × D2 and M 6= D3. Then (M,γ) is taut
if and only if Hα∗ (M,R−;Ck) = 0 for some unitary representation α : pi1(M) →
U(k).
Outline of the content. The paper is organised as follows. In Section 2 we
review the basic definitions and introduce our notation. In Section 3 we discuss
some basic properties of `2-Betti numbers and sutured manifolds before we prove
the main result in Section 4. In Section 5 we show how Theorem 1.5 follows from
Theorem 1.3.
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SUTURED MANIFOLDS AND `2-BETTI NUMBERS 3
2. Definitions
2.1. Norm minimizing surfaces and quasi-fibers. Let M be an oriented
irreducible 3-manifold and A ⊂ ∂M a subsurface. The Thurston norm is defined
by
xM : H2(M,A;Z) −→ Z
σ 7−→ min
{
χ−(S)
∣∣∣∣ [S] = σ and S is properlyembedded i.e. ∂S = S ∩ A
}
.
This map extends to a semi norm on H2(M,A;R) by a result of Thurston [Th86].
Recall that an embedded surface S ↪→ M is called incompressible if for all
choices of base points the inclusion map induces a monomorphism on the funda-
mental groups. We call a properly embedded surface S in (M,A) Thurston norm
minimizing if S is incompressible, xM([S, ∂S]) = χ−(S) and S has no disk or
sphere components. The condition for a Thurston norm minimizing surface to be
incompressible is not very restrictive. For example if the surface doesn’t contain a
torus or annulus component, then it is automatically satisfied ([AFW15, Chapter
3 C.22]).
Example 2.1. Thurston has shown that if F ⊂ M with χ(F ) ≤ 0 is a fiber of a
fibration M → S1, then F is Thurston norm minimizing in (M,∂M).
We will also make use of the following theorem due to Gabai.
Theorem 2.2. [Ga83, Corollary 6.13] Let p : N → M be a finite cover of a
connected compact orientable 3-manifold M and S a Thurston norm minimizing
surface in (M,∂M). Then p−1(S) is a Thurston norm minimizing surface in
(N, ∂N).
Definition 2.3. We call a properly embedded surface S in (M,∂M) a quasi-fiber
if the following two conditions are satisfied.
(1) The surface S is Thurston norm minimizing,
(2) and there exists a fibration over the circle with fiber F such that
xM([F ]) + xM([S]) = xM([F ] + [S]).
Remark 2.4. A surface is a quasi-fiber if and only if it is Thurston norm min-
imizing and the corresponding class lies in the boundary of a fiber cone in
H2(M,∂M ;R) [Th86].
2.2. Sutured manifolds. If M is an oriented manifold then we endow ∂M with
the orientation coming from the outwards-pointing normal vectors. A sutured
manifold (M,R+, R−, γ) is a compact oriented 3-manifold with a decomposition
of its boundary
∂M = R+ ∪ γ ∪ −R−,
into oriented submanifolds such that
(1) γ is a collection of disjoint embedded annuli or tori,
(2) R+ ∩R− = ∅,
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(3) if A is an annulus component of γ, then R−∩A is a boundary component
of A and of R−, and similarly for R+ ∩ A. Furthermore, [R+ ∩ A] =
[R−∩A] ∈ H1(A;Z) where we endow R±∩A with the orientation coming
from the boundary of the oriented manifold R±.
We call a sutured manifold M taut, if M is irreducible and R+ and R− are
Thurston norm minimizing viewed as properly embedded surfaces in (M,γ). We
call a sutured manifold balanced if χ−(R+) = χ−(R−).
Remark 2.5. In our definition of a taut sutured manifold we demand R± to be
incompressible, which differs from the convention most other authors choose. Our
convention just rules out notorious counterexamples in the case thatM = S1×D2.
An example of a balanced taut sutured manifold is given by the product sutured
manifold
(R× [−1, 1], R× 1, R×−1, ∂R× [−1, 1]) ,
where R is a surface with R 6∼= S2. Another example is given by an irreducible
3-manifold N with empty or toroidal boundary where the sutured manifold struc-
ture is given by γ = ∂N .
2.3. Sutured manifold decomposition. In [Ga83] Gabai introduced the no-
tation of a sutured manifold decomposition which we now recall. Let (S, ∂S) be
a properly embedded oriented surface in a sutured manifold (M,R+, R−, γ). We
call S a decomposition surface if S is transversal to R± and for every connected
component c ∈ S ∩ γ one of the following holds.
(1) c is a properly embedded non-separating arc,
(2) c is a simple closed curve in an annulus component of γ which is homol-
ogous to [R− ∩ A] ∈ H1(A;Z),
(3) c is a homotopically non-trivial curve in a torus component T of γ and if
c′ is another curve in S ∩ T , then c and c′ are homologous in T .
Given a decomposition surface S we define the sutured decomposition along S by
(M,R−, R+, γ)
S (M ′, R′−, R′+, γ′)
where
M ′ = M \ S × (−1, 1),
γ′ = (γ ∩M ′) ∪ ν(S ′+ ∩R−) ∪ ν(S ′− ∩R+),
R′+ = ((R+ ∩M ′) ∪ S ′+) \ int γ′,
R′− = ((R− ∩M ′) ∪ S ′−) \ int γ′.
Here S ′+ (resp. S
′
−) is the outward-pointing (resp. inward-pointing) part of S ×
{−1, 1} ∩M ′ (See Figure 1). In the rest of the paper we suppress R± from the
notation and abbreviate (M,R+, R−, γ) to (M,γ) assuming that R± is clear from
the context. We make use of the following elementary lemma rather frequently.
Lemma 2.6. Let (N, ∅, ∅, ∂N) be a sutured manifold (i.e. N has empty or toroidal
boundary) and S a Thurston norm minimizing decomposition surface in N , then
N ′ defined by N S N ′ is a taut sutured manifold.
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R− R+
S
S ′+
S ′−
M
M ′
S 
Figure 1. This is a schematic picture of a sutured decomposition
M
S M ′. One cuts along a surface S but has to keep track of the
orientations. The grey dots denote the sutures.
We also need the following lemma from the theory of sutured manifold decom-
position due to Gabai.
Lemma 2.7. Let N be connected irreducible oriented closed 3-manifold with
empty or torodial boundary. Let S and F be Thurston norm minimizing decompo-
sition surfaces with xN([S])+xM([F ]) = xN([F ]+ [S]). We assume that S and F
are in general position such that the number of components of S ∩ F is minimal.
Denote by N ′ the sutured manifold obtained by N S N ′, then F ′ := F ∩N ′ is a
decomposition surface for N ′. Moreover, N ′ and N ′′ are taut sutured manifolds,
where N ′′ is given by N ′ F
′
 N ′′. One also has a commutative diagram of taut
sutured manifold decompositions
N
N \ ν(F ) N \ ν(F ⊕ S) N ′
N ′′,
F
F⊕S S
S′ C
F ′
where F⊕S is the oriented cut and paste sum (see Figure 2), S ′ = S∩(N \ν(F )),
and C = C1, . . . Cn is a disjoint union of annuli and disks.
The main idea in the proof of that lemma is the following. The assumptions on
S and F ensure that F⊕S is Thurston norm minimizing. Note that M defined by
N
F⊕S M is a taut sutured manifold, because F⊕S is Thurston norm minimizing.
The same is true for N ′. Now one can obtain N ′′ from M by a decomposition
surface only consisting of annuli or disks (see for example [FK14, Lemma 3.4]).
Then N ′′ is taut by [Ga83, Lemma 3.12]. We refer to [Ga83, Section 3] for more
details.
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F ∪ S F ⊕ S
Figure 2. Two oriented embedded surfaces S and F may intersect
in circles or intervals. The above picture shows how to remove the
intersection to get an oriented embedded surface which represents
the homology class [S] + [F ].
Later we will need the double DM(γ) of sutured manifold (M,γ). It is defined
by
DM(γ) := M unionsqR± M.
This is a 3-manifold, which is closed or has toroidal boundary. It is also a sutured
manifold with the sutured structure given by (DM(γ), ∅, ∅, ∂DM(γ)). Note that
R+ ∪ R− is a decomposition surface in DM(γ) and if one decomposes DM(γ)
along R+ ∪ R− one obtains two copies of M as sutured manifolds. With this
construction one can prove the following result which is analog to Theorem 2.2.
Proposition 2.8. Let (M,R+, R−, γ) be a sutured manifold. Let p : N → M be
a finite cover of M , then the preimage of R± and γ under p induces a sutured
structure on N . If in addition M is taut and γ is incompressible, then the induced
structure on N is taut as well.
Proof. The first assertion of the proposition is clear. Hence we only show that if
M is taut and γ is incompressible, then N is taut. Under these two assumptions
one has by a result of Gabai ([Ga83, Lemma 3.7]) that R− ∪ R+ is Thurston
norm minimizing in H2(DM(γ), ∂DM(γ);Z). The proposition follows from The-
orem 2.2, Lemma 2.6, and the fact that a finite cover of an irreducible 3-manifold
is again irreducible [MSY82, Theorem 3]. 
2.4. Incompressible decomposition surfaces in a product sutured man-
ifold. We quickly recall a result of Waldhausen [Wa68], which will be essential
in the proof of Lemma 3.6. Let F be a connected surface possibly with boundary
and F 6∼= S2, then we endow F × [−1, 1] with the product sutured manifold struc-
ture (F, F+, F−, ∂F × I), where F+ = F × {1} and F− = F × {−1}. We denote
by p : F × [−1, 1]→ F the canonical projection. A properly embedded surface S
in F × [−1, 1] is called horizontal if p|S is a homeomorphism onto its image.
Remark 2.9. A horizontal surface S is by definition homoemorphic to a subsurface
of F , so that we can view it as an embedding S → F × [−1, 1], x 7→ (x, h(x)).
Therefore S is isotopic to a subsurface of F− (resp. F+) by pushing (resp. lifting)
the interval factor.
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Given a connected incompressible decomposition surface S in F × [−1, 1] there
are evidently two possibilities:
(1) S intersects F+ and F−,
(2) S ∩ F+ = ∅ or S ∩ F− = ∅.
Waldhausen [Wa68, Proposition 3.1] showed that in the second case if S∩F+ = ∅
(resp. S ∩ F− = ∅), then S is ambient isotopic to a horizontal surface via an
ambient isotopy fixing F±.
Remark 2.10. The second case also includes the possibility that S intersects
neither F+ nor F−. In this situation S is ambient isotopic to F × {t} for t ∈
(−1, 1).
Later we need the following lemma, which easily follows from Waldhausen’s
result.
Lemma 2.11. Let N 6∼= S1 × S2 be a connected 3-manifold which fibers over
S1 with fiber F . We fix an embedding of F and an identification N \ ν(F ) ∼=
F × [−1, 1]. Let Σ be an incompressible not necessarily connected surface in N
such that F ∩ Σ has minimal number of connected components compared to all
other embeddings in the isotopy class of Σ. Then one of the following holds:
(1) Σ consists of parallel copies of surfaces, all isotopic to F ,
(2) every component of Σ′ := Σ ∩N \ ν(F ) intersects F+ and F−.
Proof. A standard argument using the irreducibility of N and our hypothesis
on F ∩ Σ shows, that F ∩ Σ is incompressible and hence Σ′ is incompressible in
F×[−1, 1]. If Σ′ does not intersect F+∪F−, then by Remark 2.10 every component
of Σ′ is ambient isotopic to F × {t} for some t ∈ (−1, 1). Therefore Σ consist of
parallel copies of F . Now let C be connected component of Σ′, which intersects
F− at least once but does not intersect F+. Then there is an ambient isotopy
fixing F±, which makes C into a horizontal surface. Since this isotopy fixes F±,
this isotopy extends to an isotopy of Σ in N . If we further assume that C is an
innermost among such a connected component, then one can use the isotopy from
Remark 2.9 to remove the intersection component which corresponds to C ∩ F−.
But this contradicts our assumptions on F ∩ Σ and hence C has to intersect
F+. The same argument with the roles of F+ and F− interchanged proves the
lemma. 
2.5. `2-Betti numbers. Here we introduce `2-Betti numbers and discuss some
of their basic properties. For more details on `2-Betti numbers and proofs of the
facts stated here we refer to [Lu¨02, Chapter 1].
Let G be a group. We endow C[G] with the pre-Hilbert space structure for
which G is a orthonormal basis and denote by `2(G) the closure of C[G] with
respect to the norm induced from the scalar product. Multiplication with ele-
ments in G induces an isometric left G-action on `2(G). We define the group von
Neumann algebra N (G) to be the set of all bounded linear operators from `2(G)
to itself which commute with this left action.
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Definition 2.12. Let X̂ be a CW -complex on which a groupG acts co-compactly,
freely and cellularly. Then CCW∗ (X̂) is a finite free Z[G]-module and we can con-
sider the chain complex
C(2)∗ (X̂;N (G)) := `2(G)⊗Z[G] CCW∗ (X̂)
with the `2-homology defined by
H
(2)
i (X̂;N (G)) := ker(Id⊗∂i)/im(Id⊗∂i+1),
where im(Id⊗∂i−1) denotes the closure of im(Id⊗∂i−1) with respect to the Hilbert
space structure on `2(G). The `2-Betti numbers are then given by
b
(2)
i (X̂;N (G)) = dimN (G) H(2)i (X̂;N (G)),
where dimN (G) denotes the von Neumann dimension [Lu¨02, Definition 1.10].
Moreover, we define the `2-Euler characteristic by
χ(2)(X̂;N (G)) :=
∑
i∈N0
(−1)i · b(2)i (X̂;N (G)).
Remark 2.13. These numbers only depend on the homotopy type of X̂/G and
are especially independent of the choice of CW-structure.
The von Neumann dimension behaves very similarly to the ordinary dimension.
For example it is additive under weakly short exact sequences. With this property
one easily shows that `2-Euler characteristic and Euler characteristic are related
by
χ(2)(X̂;N (G)) = χ(X̂/G). (1)
One of the main features of `2-Betti numbers is given by the next proposition.
Proposition 2.14. Let X̂ be a CW -complex on which a group G acts co-compactly,
freely and cellularly. Let H / G be a finite index subgroup. Then
b
(2)
i (X̂;N (H)) = [G : H] · b(2)i (X̂;N (G)).
In this paper we deal with two special cases of groups acting on CW-complexes
which therefore obtain a shortened notation. If X is a finite connected CW -
complex with fundamental group pi, we denote by the corresponding universal
cover p : X˜ → X and then we define the `2-homology of X by:
H
(2)
i (X) := H
(2)
i (X˜;N (pi)).
We write b
(2)
i (X) = dimN (pi) H
(2)
i (X) and in the case that X = X1 unionsq . . .unionsqXn has
several connected components we set b
(2)
i (X) :=
∑n
k=1 b
(2)
i (Xk).
Moreover, if Y ⊂ X is a subcomplex, then we set Y˜ := p−1(Y ) and define
H
(2)
i (Y ⊂ X) := H(2)i (Y˜ ;N (pi)), b(2)i (Y ⊂ X) := dimN (pi)H(2)i (Y˜ ;N (pi)),
H
(2)
i (X, Y ) := H
(2)
i (X˜, Y˜ ;N (pi)), b(2)i (X, Y ) := dimN (pi) H(2)i (X˜, Y˜ ;N (pi)).
With this pullback of coefficients one has Mayer-Vietoris sequences and the
long exact sequence associated to a pair. Proposition 2.14 and Equation (1)
holds equally in the relative case. Moreover, if the inclusion Y → X induces a
SUTURED MANIFOLDS AND `2-BETTI NUMBERS 9
monomorphism on the fundamental group for any choice of base-point, then one
has by the induction principle [Lu¨02, Theorem 1.35(10)]:
b
(2)
i (Y ⊂ X) = b(2)i (Y ). (2)
If φ : pi → Z is an epimorphism, we denote by X̂ the covering corresponding to
kerφ and introduce the notation
Hφ,(2)∗ (X) := H
(2)
∗ (X̂; N (Z)).
Let 〈t〉 ∼= Z ∼= pi/ kerφ denote a generator, then by [Lu¨02, Lemma 1.34] one has
dimN (Z) H
φ,(2)
i (X) = dimC(t) Hi(X;C(t)φ), (3)
whereHi(X;C(t)φ) denotes the homology of the chain complex C(t)⊗Z[t±]CCW∗ (X̂).
2.6. Approximation of `2-Betti numbers. In this paragraph we recall the
Lu¨ck-Schick approximation result of `2-Betti numbers. In order to state the
theorem and that it applies in our situation we need some preliminaries.
Definition 2.15. Let G be the smallest class of groups which contains the trivial
group and is closed under the following processes:
(1) If H < pi is a normal subgroup such that H ∈ G and pi/H is amenable
then pi ∈ G.
(2) If pi is the direct limit of a directed system of groups pii ∈ G, then pi ∈ G.
(3) If pi is the inverse limit of a directed system of groups pii ∈ G, then pi ∈ G.
(4) The class G is closed under taking subgroups.
The precise definition of an amenable group doesn’t play a role for this article.
We only need that finite groups are amenable. This is sufficient to prove the
following lemma.
Lemma 2.16. Every fundamental group of a compact 3-manifold lies in G.
Proof. By fact (1) every finite group lies in G. Then by fact (3) the profinite
completion of a group lies in G. Since residually finite groups are subgroups of
their profinite completation we have by fact (4) that all residually finite groups
are in G. So the lemma follows from the fact that all 3-manifold groups are
residually finite [AFW15, Chapter 3 C.29]. 
We are now able to state the approximation result of Schick which extended
earlier results by Lu¨ck [Lu¨94].
Theorem 2.17. [Sch01, Theorem 1.14] Let X be a CW-complex with a free
cellular and co-compact action of a group G in the class G. Let G = G1 ⊃ G2 ⊃
. . . be a nested sequence of normal subgroups such that ∩i∈NGi = {e}. Denote by
Xi = X/Gi and by Γi = G/Gi the corresponding quotients. Further assume that
Γi ∈ G for all i ∈ N, then one has for all p ∈ Z
lim
i→∞
b(2)p (Xi;N (Γi)) = b(2)p (X;N (G)).
Note that the action of each Γi on Xi is co-compact, free and cellular.
10 GERRIT HERRMANN
3. Basics of `2-betti numbers of sutured manifolds
In this section we prove the equivalence of statements (2) and (3) in Theo-
rem 1.1. Moreover, we prove a vanishing criteria for the `2-homology of a cyclic
covering of a sutured manifold.
As mentioned in the beginning we state every result only for the pair (M,R−),
but by Poincare´ Lefschetz duality (see theorem below) all results hold equally for
the pair (M,R+).
Theorem 3.1. [Lu¨02, Theorem 1.35(3)] Let X be a compact and connected n-
manifold together with a decomposition ∂X = Y1 ∪ Y2, where Y1 and Y2 are
compact (n− 1)-dimensional submanifolds of ∂X with ∂Y1 = ∂Y2. Then
b
(2)
n−i(X, Y1) = b
(2)
i (X, Y2).
Remark 3.2. Lu¨ck only discusses the case Y1 = ∂X but the same proof he gives
works also in the above setting (compare [Br93, Chapter 5.9 Exercise 3]).
We also use this duality to obtain a general result about `2-Betti numbers of
balanced sutured manifolds.
Proposition 3.3. Let M be a balanced sutured manifold with infinite fundamental
group, then b
(2)
1 (M,R−) = b
(2)
2 (M,R−), and b
(2)
1 (M,R−) = 0 implies for all i ∈ N
b
(2)
i (M,R−) = 0.
Proof. One has b
(2)
0 (M,R±) = 0, because pi1(M) is infinite [Lu¨02, Theorem
1.35(8)] and by Poincare´ Lefschetz duality (Theorem 3.1) b
(2)
3 (M,R∓) = 0, too.
Since M is balanced, we have
χ(R−) =
χ(R+ ∪ γ ∪R−)
2
=
χ(∂M)
2
= χ(M)
and hence χ(M,R−) = 0. By the relation between `2-Euler characteristic and
Euler characteristic (see Equation (1)) we obtain
χ(2)(M˜, R˜−;N (pi1(M)) = χ(M,R−) = 0
and thus b
(2)
1 (M,R−) = b
(2)
2 (M,R−). 
This gives us already the equivalence of (2) and (3) in the main result (Theorem
1.1):
Corollary 3.4. Let (M,γ) be an irreducible balanced sutured manifold. Assume
that γ is incompressible and pi1(M) is infinite. Then b
(2)
∗ (M,R−) = 0 if and only
if H
(2)
1 (R− ⊂M)→ H(2)1 (M) is a monomorphism.
Proof. We look at the long exact sequence in `2-homology of the pair (M,R−).
Note that H
(2)
2 (M) = 0, because M is irreducible and pi1(M) is infinite [Lu¨02,
Theorem 4.1]. Therefore the sequence becomes
0 H
(2)
1 (M,R−) H
(2)
1 (R− ⊂M) H(2)1 (M) . . . .
Now the corollary follows from Proposition 3.3 and the fact that the von Neumann
dimension is zero if and only if the module is zero [Lu¨02, Theorem 1.12(1)]. 
SUTURED MANIFOLDS AND `2-BETTI NUMBERS 11
We end this section with two technical lemmas, which are the cornerstone for
the proof of Theorem 4.7. The first of these two lemmas is a vanishing result
of certain `2-Betti numbers and the second lemma gives a sufficient criteria two
apply the first one.
Lemma 3.5. Let (M,γ) be a connected sutured manifold and let φ ∈ H1(M ;Z)
be non-trivial. If there is a decomposition surface S such that the class [S] ∈
H2(M,∂M ;Z) is Poincare´ dual to φ and M
S M ′ results in a product sutured
manifold M ′, then
Hφ,(2)∗ (M,R−) = 0.
Before giving the proof it is worth discussing a simple case which motivates
the proof. Namely, if N is sutured manifold with empty or toroidal boundary
where the sutured manifold structure is given by γ = ∂N . In this case one has
R− = ∅. Moreover, if S is a decomposition surface S such that the decomposition
N
S N ′ results in a product sutured manifold, then S is a fiber of a fibration
of N over S1. The cover corresponding to ker(φ) is homeomorphic to S ×R and
hence H∗(N ;C(t)φ) = H∗(S × R;Z)⊗Z[t±] C(t) = 0.
Proof of Lemma 3.5. We have two canonical embeddings of S into the boundary
of M ′ which we denote by i± : S → M ′. Moreover, we denote by S± the images
i±(S).
Since φ is the Poincare´ dual of S, the cyclic cover p : M̂ → M corresponding
to kerφ can be described by
M̂ = (M ′ × Z)/ ∼,
where (S−, i) is glued to (S+, i+ 1) in the obvious way (see Figure 3). The deck
transformation group acts on the Z-factor. We denote by t the generator of this
action i.e. t · (x, i) = (x, i+ 1) for all x ∈M ′.
We decompose M̂ into the subsets {M ′ × {i}}i∈Z and we set ∂−S = S ∩ R−.
Given a CW-complex X we abbreviate CCW∗ (X;Z) and H∗(X;Z) to C∗(X) and
H∗(X) so that we can express the Mayer-Vietoris sequence in cellular homology
with respect to the above decomposition in the following way:
0 C∗(S, ∂−S)⊗Z Z[t±] C∗(M ′,M ′ ∩R−)⊗Z Z[t±] C∗(M̂, R̂−) 0.i−−t·i+
This yields a long exact sequence in homology
. . . Hi(S, ∂−S)⊗Z Z[t±] Hi(M ′,M ′ ∩R−)⊗Z Z[t±] Hi(M̂, R̂−) . . .i−−t·i+ .
Next we show that the inclusion i− : (S, ∂−S) → (M ′,M ′ ∩ R−) induces an iso-
morphism on homology.
By assumption M ′ is a product sutured manifold i.e. M ′ = R′−× I with R′− =
(M ′ ∩R−) ∪ S−. Therefore, we get by homotopy invariance
H∗(M ′,M ′ ∩R−) = H∗(R′− × I,M ′ ∩R−) ∼←− H∗(R′−,M ′ ∩R−)
and by excision
H∗(R′−,M
′ ∩R−) = H∗((M ′ ∩R−) ∪ S−,M ′ ∩R−) i−←− H∗(S, ∂−S).
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. . . . . .
M ′ × {0}M ′ × {−1} M ′ × {1}
S+S+ S+S− S− S−
M ′ ∩R−
R−
R+
SM
Figure 3. This is a schematic picture one dimension reduced. It
illustrates the cyclic cover M̂ of M corresponding to the kernel of
φ, where φ is Poincare´ dual to an embedded surface S.
R−
R+
S
M
S−M ′ ∩R−
M ′ = R′− × [0, 1]
S−M ′ ∩R−
∂−S
R′−
Figure 4. A schematic picture one dimension reduced. The su-
tured decomposition M
S M ′ results in a product sutured man-
ifold. The dashed lines show the [0, 1]-factor of the product.
By homotopy invariance and excision one has an isomorphism
H∗(S, ∂−S)
i−−→ H∗(M ′,M ′ ∩R−).
We refer to Figure 4 for an illustration of this argument.
We now continue with the rest of the proof. Because H∗(M ′,M ′ ∩ R−) ∼=
H∗(S, ∂−S) is free abelian it makes sense to talk about the determinant. And
since i− induces an isomorphism on homology we have detZ(i−) 6= 0. This of
course implies that detZ[t±](i− − t · i+) 6= 0. Therefore the map i− − t · i+ is
invertible over C(t). Also note that we have H∗(M̂, R̂−;Z) = H∗(M,R−;Z[t±]φ).
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x0
x′1
x2
x′2
x1
F+
F−
Σ′
Figure 5. A schematic picture of how the loop c in the proof of
Proposition 4.6 is constructed. We see the product surface F ×
[−1, 1]. The grey rectangle represents Σ ∩ F × [−1, 1]. The points
xi and x
′
i are identified by the monodromy in N . The concatenation
of the paths gives a loop in N .
Now we use the above sequence, the fact that C(t) is flat over Z[t±] and that
i− − t · i+ is invertible over C(t) to obtain H∗(M,R−;C(t)φ) = 0. Then Equa-
tion (3) yields H
φ,(2)
∗ (M,R−) = 0. 
Lemma 3.6. Let (N, ∅, ∅, ∅) be a taut sutured manifold and let Σ be a quasi-fiber
in N which is not the fiber of a fibration. Then the sutured manifold M obtained
by N
Σ M contains a decomposition surface S such that M S M ′ results in a
product sutured manifold M ′ and the class [S] ∈ H2(M,∂M ;Z) is non-trivial.
Proof. Since Σ is a quasi-fiber there is a fibration of N over S1 with fiber F and
χN([F ]) + χN([Σ]) = χN([F ] + [Σ]). We can assume that F and Σ are in general
position such that the number of components of Σ ∩ F is minimal compared to
all surfaces isotopic to Σ and F .
We define F ′ := F ∩M = F \ ν(F ∩ Σ) and make the following claim.
Claim. The sutured decomposition (M,Σ+,Σ−, γ)
F ′ (M ′, R′+, R′−, γ′) results in
a product sutured manifold.
We set Σ′ = Σ∩ (N \ ν(F )). By Lemma 2.7 we have that M ′ is a taut sutured
manifold and by the commutativity of the diagram in Lemma 2.7 we have that
N
F N \ ν(F ) Σ′ M ′. Moreover, N \ ν(F ) ∼= F × [−1, 1] is a product, since F
is a fiber of a fibration. The taut sutured manifold decomposition of a product
sutured manifold is again a product sutured manifold ([Ga83, Remark 4.9(4)])
and hence M ′ is a product.
It remains to show, that [F ′] ∈ H2(M,∂M) is non-trivial. This follows directly
from the next claim.
Claim. There is a closed curve c in N , which doesn’t intersect Σ but has a positive
intersection number with F .
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The curve c is constructed as follows (see Figure 5). We choose a point x0 ∈
F+ \ Σ′ and a path p0 not intersecting Σ′ to F−. Such a path always exists
by Lemma 2.11 and the assumption that Σ is not a fiber of a fibration. The
monodromy sends the endpoint of this path to a new point x′1 on F+ maybe in a
different connected component of M ′. We repeat this process to obtain another
path p1 connecting x
′
1 with another point x2 ∈ F−, which is sent to x′2 ∈ F+ via
the monodromy. Since there are only finitely many connected components of M ′
we can after several iterations of this process join xn with x0 in F+ by a path
p not intersecting Σ′. All these paths patched together give a closed loop in N .
This loop does not intersect Σ but gives a positive intersection number with F .
Since c does not intersect Σ it is a loop in M and since it has positive inter-
section number with F , the class [F ′] ∈ H2(M,∂M) is non-trivial. 
4. Proof of the Main Theorem
4.1. `2-acyclic implies taut. The basic idea is that b
(2)
2 (M,R−) is an upper
bound for how far a sutured manifold (M,γ) is away from being taut.
Lemma 4.1 (Half lives, half dies). Let W be a compact connected (2k + 1)-
dimensional manifold, then
dimN (pi1(W )) ker
(
i∗ : H
(2)
k (∂W ⊂ W )→ H(2)k (W )
)
=
1
2
· b(2)k (∂W ⊂ W ).
Proof. We write G = pi1(W ) and i∗ : H
(2)
k (∂W ) → H(2)k (W ). Because of the
additivity of the von Neumann dimension we get
b
(2)
k (∂W ⊂ W ) = dimN (G) ker(i∗) + dimN (G) im(i∗).
Therefore it is sufficient to prove that dimN (G) ker(i∗) = dimN (G) im(i∗). To show
this one considers the long exact sequence in homology associated to the pair
(∂W,W ). This sequence can be decomposed into long exact sequences
. . . H
(2)
k+1(W,∂W ) ker(i∗) 0 . . .
. . . H
(2)
k+1(W,∂W ) H
(2)
k (∂W ⊂ W ) H(2)k (W ) . . .
. . . 0 im(i∗) H
(2)
k (W ) . . . .
One has b
(2)
k+1+i(W,∂W ) = b
(2)
k−i(W ) and b
(2)
k+i(∂W ⊂ W ) = b(2)k−i(∂W ⊂ W ) by
Poincare´ duality. So we see that the Euler characteristic of the upper and the
lower exact sequence contains the same summands except for dimN (G) ker(i∗) and
dimN (G) im(i∗). But both sequences have zero Euler characteristic, because they
are exact. Hence dimN (G) ker(i∗) = dimN (G) im(i∗). 
Lemma 4.2. Suppose (M,γ) is a connected irreducible sutured manifold with
infinite fundamental group and γ is incompressible. Then there exists a Thurston
norm minimizing representative S ⊂ M \ (R+ ∪ R−) of [R−] ∈ H2(M,γ;Z)
such that M cut along S is the union of two disjoint (not necessarily connected)
compact manifolds M± with R± ⊂ ∂M±.
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Proof. Let T be a properly embedded surface homologous to [R−], with χ−(T ) =
xM([R−]) and the intersection of T with R± is empty. We will show that a
subsurface of T has the desired properties.
First we find a subsurface S of T which is Thurston norm minimizing. By the
definition of Thurston norm minimizing we have to show that there is a subsurface
S ⊂ T which is homologous to T , which has the same complexity, does not have
sphere or disk components, and is incompressible.
Since M is irreducible every sphere component of T is null homologous and
we can omit it. Now let D ⊂ T be a disk component. From the definition one
has ∂D ⊂ γ. Therefore we have to consider two cases. The first case that ∂D is
homotopically trivial in γ. In this case we can close the circle with another disk
in γ and obtain a sphere. By the assumption M is irreducible and therefore this
sphere bounds a 3-ball. Hence the disk D is homologically trivial in H2(M,γ;Z).
Therefore [T ] = [T \ D] and we define S := T \ D. Note that S has the same
complexity as T . The other case that ∂D is non trivial in γ can not occur because
γ is incompressible. That S is indeed incompressible is a consequence of the loop
theorem and the fact that it has minimal complexity. See also [AFW15, Chapter
3 C.22] or [Ca07, Lemma 5.7].
It remains to show that S separates the manifold M into at least two disjoint
parts. We have an intersection form:
H2(M,γ;Z)×H1(M,R+ ∪R−;Z)→ Z
Let p be a path from R+ to R−, then the intersection number of [p] and [R−] is
equal to 1. So every surface homologous to [R−] has to intersect p at least once
and therefore separates R− and R+. 
Lemma 4.3. With the notation of the previous lemma and the additional as-
sumption that R− is incompressible one has
1
2
(
χ(S)− χ(R+)
) ≤ b(2)2 (M,R−).
Proof. Applying Mayer-Vietoris on U := R− ∪ S and V = γ′ for the boundary
∂M− = R+ ∪ γ′ ∪ S we get an weak isomorphism
H
(2)
1 (∂M− ⊂M) ∼= H(2)1 (R− ⊂M)⊕H(2)1 (S ⊂M).
Here we used that γ′ ⊂ γ is incompressible in M . We set G = pi1(M) and will
consider all `2-homology with the coefficient system coming from M . Therefore,
we drop “⊂M” from the notation. From Lemma 4.1 applied to the boundary of
M−, we get
1
2
(
b
(2)
1 (R−) + b
(2)
1 (S)
)
= dimN (G) ker
(
H
(2)
1 (∂M−)→ H(2)1 (M−)
)
By the standard inequality
dimN (G) ker(i : A⊕B → C) ≤ dimN (G) ker(i : A→ C) + dimN (G) B
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applied to H
(2)
1 (∂M−) = H
(2)
1 (R−)⊕H(2)1 (S)→ H(2)1 (M−) we obtain further
1
2
(
b
(2)
1 (R−) + b
(2)
1 (S)
)
= dimN (G) ker
(
H
(2)
1 (∂M−)→ H(2)1 (M−)
)
≤ dimN (G) ker
(
H
(2)
1 (R−)→ H(2)1 (M−)
)
+ b
(2)
1 (S)
≤ dimN (G) ker
(
H
(2)
1 (R−)→ H(2)1 (M)
)
+ b
(2)
1 (S)
≤ dimN (G) im
(
H
(2)
2 (M,R−)→ H(2)1 (R−)
)
+ b
(2)
1 (S)
≤ b(2)2 (M,R−) + b(2)1 (S).
Recall that we dropped “⊂ M” from the notation but by assumption R− and
S are incompressible and hence b
(2)
1 (R− ⊂ M) = b(2)1 (R−) and b(2)1 (S ⊂ M) =
b
(2)
1 (S). For surfaces with infinite fundamental group one has −χ(S) = b(2)1 (S)
and −χ(R−) = b(2)1 (R−), which finishes the proof. 
Now the direction (2)⇒ (1) of the main theorem follows easily.
Corollary 4.4. Let (M,γ) be an irreducible connected balanced sutured manifold
with infinite fundamental group and such that γ and R− are incompressible. If
b
(2)
2 (M,R−) = 0 then M is taut.
Proof. Let S be a surface obtained from Lemma 4.2. By construction of S one
has −χ(S) = xM([R−]) and hence χ(S) − χ(R−) ≥ 0. By assumption we have
b
(2)
2 (M,R−) = 0 and Lemma 4.3 now implies that
0 ≤ χ(S)− χ(R−) = −xM([R−])− χ(R−) ≤ 0.
Therefore we get xM([R−]) = −χ(R−) and since (M,γ) was balanced we obtain
xM([R−]) = −χ(R+), too. But this is the definition of a taut sutured manifold.

4.2. Taut implies `2-acyclic. We are now going to show that if (M,γ) is taut
then H
(2)
∗ (M,R−) is zero. Since `2-Betti numbers are multiplicative under finite
covers (Proposition 2.14) and a finite cover of a taut sutured manifold is again
taut (Proposition 2.8) the above statement is true if and only if it is true for a
finite cover. The proof consists of three steps.
(1) There exists a finite cover M̂ → M and a decomposition surface S ⊂ M̂
such that M̂
S M̂ ′ is a product sutured manifold.
(2) Denote by φ ∈ H1(M̂ ;Z) the Poincare´ dual of S, then Hφ,(2)∗ (M̂, R̂−) = 0.
(3) We use the second step and Schick’s approximation result to conclude
H(2)(M,R−) = 0.
For the first step we need the virtual fibering theorem due to Agol. Notice that
the fundamental group of an irreducible 3-manifold with non-empty boundary is
virtually RFRS [AFW15, Corollary 4.8.7], which was proved by Przytycki and
Wise [PW17]. We don’t need the precise definition of RFRS, we only need that
the following theorem holds in our situation.
Theorem 4.5. [Ag08, Theorem 5.1] Let M be an irreducible 3-manifold with
empty or toroidal boundary. Assume pi1(M) is infinite and virtually RFRS. If
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Σ is a Thurston norm minimizing surface, then there is a finite sheeted cover
p : N →M such that p−1(Σ) is a quasi-fiber.
The next proposition is implicit in the article of Agol [Ag08]. We will show
how it follows from Theorem 4.5.
Proposition 4.6. Let (M,γ) be a connected taut sutured manifold with infi-
nite fundamental group and such that γ is incompressible. Then there exists a
connected finite cover (M̂, γ̂) and a decomposition surface S in M̂ , such that
M̂
S M̂ ′ is a product sutured manifold and [S] ∈ H2(M̂, ∂M̂) is non-trivial.
Proof. If (M,γ) is a product sutured manifold then one can take the annulus ob-
tained from a homologically non trivial curve in R− times the interval. Therefore
we will in the following assume that (M,γ) is a taut sutured manifold which is not
a product. Recall the construction of the double DM(γ) of a sutured manifold
M :
DM(γ) := M unionsqR± M.
This is a 3-manifold, which is closed or has toroidal boundary. By our assump-
tions is γ incompressible and (M,γ) is taut. Hence R− ∪ R+ is Thurston norm
minimizing in DM(γ) ([Ga83, Lemma 3.7]).
We can use the virtual fibering Theorem 4.5 to obtain a finite cover p : W →
DM(γ) such that the surface p−1(R− ∪ R+) is a quasi-fiber. We write Σ =
p−1(R−∪R+). The taut sutured manifoldW ′ given byW Σ W ′ is by construction
a finite cover of M . Therefore by Lemma 3.6 applied to Σ and W we see that a
connected component M̂ ⊂ W ′ is the desired finite cover of M . 
Now we can finally prove the rest of our main result.
Theorem 4.7. If M is a connected taut sutured manifold with infinite funda-
mental group and γ is incompressible, then b
(2)
∗ (M,R−) = 0.
Proof. Let M be a taut sutured manifold. Recall that for any finite cover M̂ →M
we have
[M̂ : M ] · b(2)∗ (M,R−) = b(2)∗ (M̂, R̂−)
and if M is taut then M̂ is taut as well. Therefore it is sufficient to prove the
theorem for a suitable finite cover. By this observation together with Proposi-
tion 4.6 we will assume that (M,γ) admits a decomposition surface S such that
M ′ defined by M S M ′ is a product sutured manifold and [S] ∈ H2(M,∂M)
is non trivial. If we denote by φ ∈ H1(M ;Z) the Poincare´ dual of S then by
Lemma 3.5 we have
H
φ,(2)
1 (M,R−) = 0.
Since the fundamental group of M is residually finite we obtain a nested sequence
pi1(M) = pi ⊃ pi1 ⊃ pi2 . . . of normal subgroups such that pi/pii is finite and⋂
i∈I pii = {e}. Denote by pi : Mi →M the corresponding finite cover. Denote by
Si := p
−1
i (S) the pre-image of the surface S and by φi = p
∗
i (φ) the pull back of
φ. Obviously, Si is the Poincare´ dual of φi. Furthermore, Mi
Si M ′i results in a
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product sutured manifold since M ′i is a cover of M
′ and M ′ is a product sutured
manifold. Hence we can apply Lemma 3.5 again to obtain
H
φi,(2)
1 (Mi, Ri−) = 0.
Denote by Gi = ker(φ) ∩ pii the kernel of φi. We see that Gi is normal in pi.
Moreover, by the third isomorphism Theorem we have
(pi/Gi)/(pii/Gi) ∼= pi/pii
and hence (pii/Gi) / (pi/Gi) is finite index. This yields
0 = dimN (Z) H
φi
1 (Mi, Ri) = b
(2)
1 (M˜/Gi, R˜−/Gi;N (pii/Gi))
= [pi : pii] · b(2)1 (M˜/Gi, R˜−/Gi;N (pi/Gi))
and in particular
b
(2)
1 (M˜/Gi, R˜−/Gi;N (pi/Gi)) = 0.
The groups pi/Gi are by construction virtually cyclic and hence lie in the class
G. We can now apply Schick’s approximation Theorem 2.17 to the nested and
cofinal sequence of normal subgroups pi1(M) ⊃ G1 ⊃ G2 . . . and obtain
b
(2)
1 (M,R−) = lim
i→∞
b
(2)
1 (M˜/Gi, R˜−;N (pi/Gi)) = 0.

5. Applications
In this section we prove Theorem 1.5:
Theorem 1.5. Let N be a connected compact oriented irreducible 3-manifold
with empty or toroidal boundary and let φ ∈ H1(N ;Z) be a primitive cohomology
class. We write Nkerφ → N for the cyclic covering corresponding to kerφ. We
have
b
(2)
1 (Nkerφ) = xN(φ).
Note that Nkerφ is not a finite CW-complex. We refer to Chapter 6 of Lu¨ck’s
monograph [Lu¨02] for a definition of `2-betti numbers in this context. In the proof
we are only using that the von Neumann dimension behaves well with respect to
colimits of modules.
Proof of Theorem 1.5. Let G = kerφ and Σ be a Thurston norm minimizing
decomposition surface Poincare´ dual to φ. We write M = N \ν(Σ) and construct
inductively
X0 = M,
Xn = M
⊔
Σ−=Σ+
Xn−1
⊔
Σ−=Σ+
M.
By abuse of notation we write Σ for Σ− in X0. Since φ is primitive we have
limn∈NXn = Nkerφ. We refer to Figure 6 for an illustration of the situation.
Also note that all inclusions Σ→ X1 → Xn and Xn → Nφ are pi1-injective and
we can use the induction principle stated in Equation (2).
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M
Σ− Σ+
M
Σ− Σ+
M
Σ− Σ+
M
Σ− Σ+
M
Σ− Σ+
. . .. . .
X1
Xn
Figure 6. An illustration of the limiting process in the proof of Theorem 1.5.
By the excision isomorphism we have
b(2)(Xn, Xn−1;N (G)) = b(2)((M,Σ+) unionsq (M,Σ−);N (G))
and hence by the main theorem
b(2)(Xn, Xn−1;N (G)) = b(2)(Xn, Xn−1) = 0.
We can consider the triple (Xn, Xn−1,Σ) and its associated long exact sequence
in homology. It follows inductively that b(2)(Xn,Σ;N (G)) = 0.
We also have the isomorphisms (see the PhD-thesis for more details [He19]):
lim−→
n∈N
H(2)∗ (Xn,Σ;N (G)) ∼= H(2)∗ (lim−→
n∈N
Xn,Σ;N (G)) = H(2)∗ (Nkerφ,Σ;N (G)).
Then by cofinality of the von Neumann dimension ([Lu¨02, Theorem 6.13]) we
have
b(2)∗ (Nkerφ,Σ) = lim
n→∞
b(2)∗ (Xn,Σ;N (G)) = 0.
We look at the long exact sequence in homology associated to the pair (Nkerφ,Σ)
and conclude from the additivity of the von Neumann dimension that
b
(2)
1 (Nkerφ) = b
(2)
1 (Σ) = −χ(Σ) = xN(φ). 
References
[Ag08] I. Agol, Criteria for virtual fibering, J. Topol. 1, no. 2, 269–284 (2008)
[AFW15] M. Aschenbrenner, S. Friedl and H. Wilton, 3–manifold groups, Lecture Notes of the
European Math. Soc. (2015)
[AFJ16] I. Altman, S. Friedl and A. Juha´sz, Sutured Floer homology, fibrations, and taut depth
one foliations, Trans. Amer. Math. Soc., 368, 6363–6389 (2016)
[Br93] G.E. Bredon, Topology and Geometry, Graduate Texts in Mathematics, Springer New
York (1993)
[Ca07] D. Calegari, Foliations and the Geometry of 3-Manifolds, Oxford Mathematical Mono-
graphs, Clarendon Press (2007)
[FK06] S. Friedl and T. Kim, The Thurston norm, fibered manifolds and twisted Alexander
polynomials, Topology, 45(6), 929–953 (2006)
[FK13] S. Friedl and T. Kim, Taut sutured manifolds and twisted homology, Mathematical
Research Letters, 20(2), 289–303 (2013)
[FK14] S. Friedl and T. Kitayama, The virtual fibering theorem for 3-manifolds., Enseign.
Math., 60(1–2), 79–107 (2014)
[FL18] S. Friedl and W. Lu¨ck, L2-Euler characteristic and the Thurston norm, Proc. London
Math. Soc., 3, 1–44 (2018)
20 GERRIT HERRMANN
[Ga83] D. Gabai, Foliations and the topology of 3-manifolds, J. Differential Geom., 18(3), 445–
503 (1983)
[He19] G. Herrmann, Sutured manifolds, L2-Betti numbers and an upper bound on the leading
coefficient, Dissertation, Universita¨t Regensburg (2019)
[Lu¨94] W. Lu¨ck, L2-invariants by their finite-dimensional analogues, Geom. Funct. Anal., 4(4),
455–481, (1994)
[Lu¨02] W. Lu¨ck, L2-Invariants: Theory and Applications to Geometry and K-Theory, Springer-
Verlag Berlin Heidelberg, Survey in Math., 44 (2002)
[LS99] W. Lu¨ck and T. Schick, L2-torsion of hyperbolic manifolds of finite volume, Geom.
Funct. Anal., 9, no. 3, 518-567 (1999)
[MSY82] W.H. Meeks, L. Simon, S. Yau, Embedded minimal surfaces, exotic spheres, and
manifolds with positive Ricci curvature, Ann. of Math. 116 (2), 621–659 (1982)
[PW17] P. Przytycki and D.T. Wise, Mixed 3-manifolds are virtually special, J. Amer. Math.
Soc., https://doi.org/10.1090/jams/886 (2017)
[Sch01] T. Schick, L2-determinant class and approximation of L2-Betti numbers, Trans. Amer.
Math. Soc., 353, 3247–3265 (2001)
[Th86] W. P. Thurston, A norm for the homology of 3-manifolds, Mem. Amer. Math. Soc., 59
(339) i-vi and 99–130 (1986)
[Wa68] F. Waldhausen, On Irreducible 3-Manifolds Which are Sufficiently Large , Ann. of Math
87(1), 56–88 (1968)
Fakulta¨t fu¨r Mathematik, Universita¨t Regensburg, Germany,
www.gerrit-herrmann.de
E-mail address: gerrit.herrmann@mathematik.uni-regensburg.de
